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Abstract A number of technical consequences of the formal definitions of
the semantics of Accellera PSL 1.1 Foundation Language are proved. These
include direct characterizations of the semantics of derived LTL operators,
duality of until operators, and the semantic correspondences that underly the
clock rewrite rules given in Appendix B of the Accellera PSL 1.1 Language
Reference Manual. The Prefix/Extension Theorem of [4] is shown to hold
for PSL 1.1 Foundation Language. Results concerning the weak and strong
promotions of boolean expressions and of Sequential Extended Regular Ex-
pressions to formulas are also proved. This work has supported the analysis
and review of the formal semantics of PSL 1.1 Foundation Language and
the effort to achieve semantic alignment between Accellera SystemVerilog
3.1 Assertions and PSL 1.1 Foundation Language.
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1 Introduction

Accellera Property Specification Language 1.1 [1], abbreviated as PSL 1.1, is a
standard language for precisely defining temporal properties of designs. The lan-
guage is broadly divided into the Foundation Language and the Optional Branching
Extension. This report is concerned only with the Foundation Language and does
not discuss further the Optional Branching Extension. The Foundation Language
is a linear temporal logic that includes:

e Standard boolean operators on formulas (negation, conjunction, disjunction).

e Standard LTL operators (globally, eventually, strong and weak nexttime, strong
and weak until).

e A clocking operator for defining the granularity of time, which may differ from
one part of a formula to another.

o Sequential Extended Regular Expressions, or (SEREs), for defining finite-length
regular patterns, together with strong and weak promotions of SEREs to formulas
and an implication operator for predicating a formula on match of the pattern
specified by a SERE.

e An operator for aborting a formula “asynchronously” on satisfaction of a boolean
condition.

e Numerous derived operators that abbreviate the writing of useful combinations
of more basic operators.

The Foundation Language is defined with respect to boolean expressions over a given
set of atomic propositions. The boolean expressions are the building blocks for the
SEREs. The Foundation Language also provides both strong and weak promotions
of boolean expressions to formulas of the logic, in analogy with the strong/weak
pairings of the LTL operators and the strong/weak promotions of SEREs. As a
result the clocking operator of the logic is strengthless, as in [5].

The formal syntax and semantics of the Foundation Language is defined in Ap-
pendix B of [1]. Appendix B gives separate explicit definitions for the syntax and
semantics of unclocked and clocked SEREs and formulas.! The unclocked SEREs and
formulas involve no clocking operator, and their semantics is defined with respect
to a path. The clocked SEREs and formulas can involve instances of the clocking
operator, and their semantics is defined with respect to a path and a clock context.
Intuitively, an instance of the clocking operator coarsens the granularity of time so
that, for instance, the nexttime operator moves not to the next state on the path,
but rather to the next state where the clock “ticks”. In both cases, the definitions
are given explicitly only for generating sets of primitive SERE and formula operators.

The purpose of this report is to prove a number of technical consequences of
the formal definitions in Appendix B. One use of these results has been as “sanity
checks” on the quality of the formal definitions. Since the formal definitions are

'As shown in Section 5 below, the semantics of clocked SEREs and formulas can be
derived from the semantics of unclocked SEREs and formulas using the rewrite rules. Ap-
pendix B gives the explicit definitions of the clocked semantics for didactic reasons.



terse and given explicitly only for the primitive operators, some effort is involved
in the analysis of semantic relationships, especially those involving derived opera-
tors. Another use of the results has been in the alignment effort between Accellera
SystemVerilog 3.1 Assertions [2] (abbreviated as SVA 3.1) and PSL 1.1 Foundation
Language. One of the primary goals of that effort was to provide a mapping from
from a subset of SVA 3.1 Concurrent Assertions to PSL 1.1 Foundation Language
and to prove semantic equivalence of an SVA 3.1 assertion from the subset and
its image under the mapping. In the course of that work, a number of technical
lemmas about PSL 1.1 Foundation Language were proved, and most of them are
collected in this report. Finally, in several cases the work leading to the present
results uncovered flaws in the formal semantics of SVA 3.1 and/or draft definitions
of the formal semantics of PSL 1.1 Foundation Language. Known errors have been
corrected in SVA 3.1a and the final version of PSL 1.1 Foundation Language. Thus,
the work leading to the results presented in this report has improved the quality of
both Accellera languages.

The technical results in this report are not mathematically deep. They are, for
the most part, intuitive but not entirely obvious. As a result, this report should be
accessible to a reader who is familiar with elementary set theory and functions and
who is comfortable reading Appendix B of [1]. Some of the results in this report
have been proved independently by mechanical means [6].

The rest of this report is organized as follows.

e Section 2 gives preliminaries and notations and introduces the extended alphabet
used in definition of the semantics in Appendix B of [1].

e Section 3 discusses the way the primitive forms for this report differ from those
in Appendix B.

e Section 4 provides direct semantics of the derived LTL operators over proper
words. Duality of until operators is also discussed.

e Section 5 presents the rewrite rules from Appendix B for transforming clocked
SEREs and formulas into unclocked versions. For both SEREs and formulas, the
semantic correspondence between a clocked entity and the rewritten unclocked
entity is proved.

e Section 6 contains a few results on clock ticks.

e Section 7 presents results on the semantics of tight satisfaction (i.e., matching)
of SEREs.

e Section 8 discusses promotion of SEREs to formulas. Most of the unclocked results
appear in [3] in the context of a simpler logic.

e Section 9 proves that the Prefix/Extension Theorem of [4] holds for PSL 1.1
Foundation Language, both in unclocked and clocked forms.

e Section 10 discusses the promotion of boolean expressions to formulas and their
relation to SERE formulas.

e Section 11 shows that inductive definitions of the unclocked and clocked PSL
formula satisfaction relations can be given for the set of proper words without
relying on the definitions of formula satisfaction for non-proper words.



e Section 12 presents some miscellaneous lemmas on formulas, primarily from the
work on mapping from SVA 3.1 to PSL 1.1.

For reference, the semantic definitions from Appendix B of [1] are copied in an
appendix with notations adapted to the conventions of this report.



2 Preliminaries and notation

Throughout the rest of this report, “PSL” is used to mean “PSL 1.1 Foundation
Language”. For concreteness, this report uses the Verilog flavor of PSL and sets
language terminals using a typewriter font. Braces are used around operands of
certain SERE operators and around SEREs that are promoted to formulas. Many of
these braces were required in earlier versions of the language but are optional in [1].
The letters 4, j, and k always denote non-negative integers.

Let P denote the underlying set of atomic propositions. The ordinary alphabet
for the semantics of PSL is the power set 2P. Let B denote the set of boolean
expressions. There is understood to be a relation of boolean satisfaction I C 2P % B.
The notation “¢ It b” (respectively, “¢ I b”) means that (¢,b) € £ (respectively,
(¢,b) € k). For £ € 2P and b, ¢ € B, it is understood that ¢ I biff £ ¢ b and that
¢ b&k ciff both ¢ I band ¢ I ¢. The “true” (respectively, “false”) element of
B is denoted “TRUE” (respectively, “FALSE”), and it is understood that

¢ | TRUE and ¢ |f FALSE

for all £ € 2P.
The extended alphabet for the semantics of PSL is

Y =2Pu{T, 1}
The relation I is extended to letters in X' by defining
TEDband L IED

for all b € B. Unlike letters of the ordinary alphabet, T IF FALSE and L £ TRUE.
Let T=1,1=T,and ¢ =/ for £ € 2F.

A word over X is a sequence of letters from Y. The concatenation of word v
followed by word w is denoted vw. If v is infinite, then vw = v. Word u is a prefiz
of word w, denoted u =< w, iff there exists a word v such that w = uv. Word w is
an extension of word u, denoted w = wu, iff u is a prefix of w. Word v is a suffiz of
word w iff there exists a finite word w such that w = uv.

The number of letters in word w is called the length of w and is denoted |w].
If w is infinite, then |w| is w. The letters of a word are assumed to be indexed
consecutively beginning at zero. If |w| = 0, then w has no letters and is said to
be empty. If |w| > 0, then the first letter of w is denoted w’; if |w| > 1, then the
second letter of w is denoted w'; and so forth. Let w denote the word over X such
that @’ = w?. In other words, w is obtained from w by interchanging T with L.

If i < |w|, then w® denotes the suffix of w beginning at w®. In other words,
wh = wiw'™ =1 if s finite, and w = wiw't ... if w is infinite. If
i > |w|, then w" denotes the empty word. If i < j < |w|, then w®J denotes the
finite subword w’ - - -w? of w. If h < i < |w|, perhaps h < 0, then w" " denotes the
empty word. ¢* denotes the finite word of length k each letter of which is . ¢~
denotes the infinite word each letter of which is 4.

The semantics of matching the patterns of SEREs is defined via a relation of tight
satisfaction by finite (possibly empty) words. In the unclocked case, the relation



is binary and defines when a finite word w tightly satisfies an unclocked SERE r,
denoted
wET

In the clocked case, the relation is ternary and defines when a finite word w tightly
satisfies a SERE r in the context of the clock represented by boolean expression c,
denoted

wE"Tr

The semantics of PSL formulas is defined via a relation of satisfaction by finite
(possibly empty) or infinite words. In the unclocked case, the relation is binary and
defines when a word w satisfies an unclocked formula f, denoted

w f

In the clocked case, the relation is ternary and defines when a word w satisfies a
formula f in the context of the clock represented by boolean expression ¢, denoted

w ke f

The two preceding satisfaction relations are also called unclocked and clocked neu-
tral satisfaction (respectively) to distinguish them from the following unclocked and
clocked weak (—) and strong (+) satisfaction relations. For w a word over X and f
an unclocked PSL formula,

wkE" f Mt wT“Ef
wkETf it wlYEf
For w a word over X, ¢ a boolean expression, and f a PSL formula,
wES f it wTY ECf
wgETfif wlY ECf
The semantics of the clocked satisfaction relations relies on the notion of clock
tick, defined as follows. Let w be a finite word over X, and let ¢ be a boolean

expression. w is a clock tick of ¢ iff |w| > 0, w!*I=1 ¢ ¢, and for all 0 < j < |w| -1,
wl E te.



3 Primitives

Many of the results in this report are proved by induction over SERE or formula
structure. The primitive SERE and formula operators for these proofs differ slightly
from those presented in Appendix B of [1]. This section describes the differences.

In Appendix B of [1], “[*0]” is a primitive SERE, and “[*]” is the primitive
repetition operator for SEREs. In this report, we prefer to use “[+]” as the prim-
itive repetition operator for proofs by induction over SERE structure because the
arguments for “[+]” tend to require less case splitting than those for “[*]”. This
is because “r[*]” intuitively means “zero or more repetitions of r”. In an inductive
proof, the argument for “zero repetitions” is typically redundant with the argument
for “[*0]” and usually must be handled separately from the argument for “one or
more repetitions”. On the other hand,

ri+] = el

which intuitively means “one or more repetitions of »”. This change of primitives
for the proofs is justified by the following two lemmas, which give the semantics of
r[*] as derived from [*0] and r[+].

Lemma 3.1. Let w be a finite word over X, and let r be an unclocked SERE. Then

w = rlx] iff wE {[*01} || {r[+]3}.

Proof.

w [E r*]
iff either
w = [*0]
or
there exist u, v such that |u| > 0 and w = wv and u = r and v |= r[*]
iff [for (<), if |u| =0, then w = v E r[*]]
either
w = [*0]
or
there exist u, v such that w = uv and u |E r and v [E r[*]
iff either
w = [*0]
or
wET; rixl
iff either
w = [*0]
or
w E rl+]
iff w = {*x01} I {r[+1}

O

Lemma 3.2. Let w be a finite word over X, let ¢ be a boolean expression, and let
r be a SERE. Then w E° r[*] iff w E° {[*01} || {r[+]}.



Proof. Analogous to the proof of Lemma 3.1. O

The next two lemmas give direct semantics for r [+] in the unclocked and clocked
cases.

Lemma 3.3. Let w be a finite word over X', and let r be an unclocked SERE. Then
w = r[+] iff there exist k > 0 and w1, ..., wy such that w = w1 ---wy and w; E r
foreach1 < j <k.

Proof.

w E rl+]

ifft wEgE~”r; rixl

iff there exist w1y, u; such that w = wiuy and wy E r and uy E r[*]
By definition,

uy [E r*]

iff wy E [*0] or there exist ws, us such that |wse| > 0 and u; = wause and
wo = 1 and ug E r[*]

iff |ui| = 0 or there exist ws, us such that |we| > 0 and u; = waug and

we = 1 and us E r[*]

By repeating the application of this definition to the suffix u; and using the fact
that |w| bounds the number of times the suffix can be split, it follows that

uy [E r*]

iff |ui| = 0 or there exist k > 2 and non-empty ws, . .., wy such that
ur =wy---wg and w; = rforeach 2 <j <k

Therefore

w E rl+]

iff
(A):
there exist wq,u; such that w = wyuy and wy E r and either |ui| =0 or
there exist £ > 2 and non-empty ws, ..., wy such that u; = ws ---wy and

w; =Erforeach2<j<k
Let
(B):

there exist k£ > 0 and wy, ..., wy such that w = w; - - - wi and w; = r for
each1 <j<k
Assume (A). If |ug| # 0, then (B) clearly follows. Otherwise, (B) follows by
letting £ = 1.
Assume (B). Suppose w is empty. Then all of the w; are empty, and, since k > 0,
w = wy [E r. In this case, (A) holds with k¥ = 1 and u; = 0. Otherwise, w is

non-empty, so there is at least one non-emtpy w;. Discard all the empty w; and
reindex. Then (A) holds, either with ¥ =1 and |u;| = 0 or with k > 2. O

Lemma 3.4. Let w be a finite word over X, let ¢ be a boolean expression, and
let v be a SERE. Then w E° r[+] iff there exist k > 0 and wy,...,wy such that
w=wy -wy and wj E° r for each 1 < j < k.



Proof. Analogous to the proof of Lemma 3.3. O

Appendix B of [1] lists both the strong and weak boolean formulas among the
primitive formula types. Given both formula and boolean negation, though, only
one of the boolean formula forms need be a primitive. In the proofs in this report,
we regard only the strong boolean formula form as a primitive. The next lemmas
justify this simplification.

Lemma 3.5 (Duality of Boolean Satisfaction). Let £ € X, and let b be a
boolean expression. Then £ = b iff { I 1b.

Proof. If £ € 2P, then ¢ = ¢ and the result follows because the relation IE has the
property that £ I biff £ ¢ 1b when £ € 2P If¢=T,then/ I band £ = L ¢ !b.
If¢=_1,then ¢ It band £ =T I 'b. O

The following notation is used to eliminate ambiguity between boolean expression
negation and boolean formula negation.
Notation 3.6. Let b be a boolean expression.
e s(b) denotes the strong boolean formula b!.
e w(b) denotes the weak boolean formula b.

O

Lemma 3.7 (Unclocked Duality of Boolean Formulas). Let b be a boolean
expression, and let w be a word over Y. Then

1.w E w(b) iff wl= ts(1b).
2.w E=s(b) iff wE 'w(ld).

Proof. Note that 2 follows from 1 by negating both the boolean expression and the
formulas. Here is the proof of 1:

w = 's(1b)

iff w £ s(1b)

iff —(Jw| > 0and @° kE 1b)
iff |w|=0ora® K b

iff [Lemma 3.5; |w| = |w]]
|w| =0or w’ I b
iff w | w(b)

O

Lemma 3.8 (Clocked Duality of Boolean Formulas). Let b,c¢ be boolean ex-
pressions, and let w be a word over X. Then



Low E=° w(b) iff w =€ ts(1b).
2.w ¢ s(b) iff wEC 'w(b).

Proof. Note that 2 follows from 1 by negating both the boolean expression and the
formulas. Here is the proof of 1:

w =° 1s(1b)

iff @ £ s(1b)

iff —(there exists 0 < j < |w| such that w%7 is a clock tick of ¢ and w/ k !b)
iff for all 0 < j < |w| such that @w%/ is a clock tick of ¢, w/ I b

iff [Lemma 3.5]

for all 0 < j < |w| such that w7 is a clock tick of ¢, w’ £ b
iff w ¢ w(b)



4 Direct semantics of LTL operators

This section gives direct unclocked and clocked semantics of the derived LTL op-
erators X (weak nexttime), F (eventually), G (globally), and W (weak until). There
are some nuances to the semantics for general words over the extended alphabet X.
However, the words over X' that are of primary interest are those that are proper
according to the following definition.

Definition 4.1. A word w over X is called proper if it is of the form w = wuw,
where u is a word over 2% and either v is empty or v =T orv = 1%,

The set of proper words includes all the words over 2F and all the words over X that
are required for recursive evaluation of unclocked and clocked formula satisfaction
by proper words. This fact is explained further in Section 11.

The results of this section show that the unclocked semantics of the LTL operators
over proper words are the usual ones. In particular, duality between weak and strong
untils is proved for proper words in the usual way. The clocked semantics of the
LTL operators over proper words are intuitively similar, but there is a subtlety in
one of the duality relationships for untils.

Lemma 4.2 (Direct Unclocked Semantics of X). Let f be an unclocked PSL
formula, and let w be a word over X. Then w = X f iff either |w| <1 or w' | f

Proof.
wEXf
i w = 1X L f
iff w XS
iff —(Jw| > 1 and w' = ' f)
iff either |w| <1 or w' | f

O

Lemma 4.3 (Direct Clocked Semantics of X). Let f be an PSL formula, let c
be a boolean expression, and let w be a word over X. Then w ¢ X f iff for all
0 <j <k <|w| such that W’ and wIT* are clock ticks of ¢, w* =¢ f

Proof.
w X f
i w = IXL LS
iff w X f
iff —(there exist 0 < j < k < |w| such that @w% and w/*'* are clock ticks of
c and w* ¢ 1 f)
iff for all 0 < j < k < |w| such that w7 and w/** are clock ticks of ¢,

wk.. ':c f

10



Lemma 4.4 (Direct Unclocked Semantics of F). Let f be an unclocked PSL
formula, and let w be a proper word over X. Then w |=F f iff there exists 0 < k <
|w| such that wk = f.

Proof.

wEFf

iff w = [TRUEU f]

iff there exists 0 < k < |w| such that w* = f and for all 0 < j < k,

= TRUE
iff (A):
there exists 0 < k < |w| such that w* |= f and for all 0 < j < k, w? # L

Let

(B):

there exists 0 < k < |w| such that w* = f

Clearly, (A) implies (B). Assume (B). If w* # L, then, since w is proper, w’ # L
for all 0 < j < k, and so (A) holds. Otherwise, w* = 1. Let k' be the minimal
index such that w* = L. Then, since w is proper, w* = 1¥ = w* |= f, and for
all 0 < j < k', w? # L. Therefore (A) holds. O

Lemma 4.5 (Direct Clocked Semantics of F). Let f be a PSL formula, let ¢
be a boolean expression, and let w be a proper word over X. Then w ¢ F f iff
there exists 0 < k < |w| such that w* I ¢ and wh = f

Proof.

wEeF f

iff w =° [TRUE U f]

iff there exists 0 < k < |w| such that w* | c and w ¢ f and forall 0 <i < k
such that @' [ ¢, w' =°¢ TRUE

iff there exists 0 < k < |w| such that w* I ¢ and w* =¢ f and for all 0 < i < k,
if W' I c then for all i < j < |w|, if w"+J is a clock tick of ¢ then
w’ | TRUE

iff (A):
there exists 0 < k < |w| such that w* I ¢ and w* =¢ f and for all 0 < i < k,
if W' I c then for all i < j < |w|, if w"+J is a clock tick of ¢ then w’ # L

Let

(B):

there exists 0 < k < |w| such that w* I ¢ and wk ¢ f
Clearly, (A) implies (B). Assume (B). Since w* Ik ¢, w* # L. Since w is proper,
wl # 1 for all 0 < j < k. Suppose that 0 <i < k and @' I ¢ and i < j < |w| and
w"J is a clock tick of ¢. Suppose i < j. Then w’ I !c. Since w' [ ¢, it follows

that @’ = T, hence w’ = L, a contradiction. Therefore j =i < k, and so w? # L.
This proves (A). O

11



Lemma 4.6 (Direct Unclocked Semantics of G). Let f be an unclocked PSL

formula, and let w be a proper word over X. Then w = G f iff for all 0 < k < |w|,
Proof.

wEGSf

iff w= '[TRUEU !f]

iff =(w = [TRUE U ! f])

iff [Lemma 4.4]

—(there exists 0 < k < |w| such that w* = ! f)
iff for all 0 < k < |w|, Wk £ ' f
iff for all 0 <k < |w|, wh = f

O

Lemma 4.7 (Direct Clocked Semantics of G). Let f be a PSL formula, let ¢
be a boolean expression, and let w be a proper word over X. Then w |=¢ G f iff for
all 0 < k < |w| such that w* | ¢, wk ¢ f.

Proof.
w =G f
iff w ¢ '[TRUEU !f]
iff —(w = [TRUE U ! f])
iff [Lemma 4.5]
—(there exists 0 < k < |w| such that @w* £ ¢ and wF |=¢ ! f)
iff for all 0 < k < |w| such that @w* | ¢, @ £ 1 f
iff for all 0 < k < |w| such that @ kE ¢, w* ¢ f

O

Lemma 4.8 (Direct Unclocked Semantics of W). Let f,g be unclocked PSL
formulas, and let w be a proper word over X. Then w = [f Wgl iff for all
0 <k < |w| such that wk [~ f, there exists 0 < j < k such that w = g.

Proof.

wE [f Wyl
iff wEIIfuglllIGYSf
iff either

wE [fUg]

wEGSf
iff [Lemma 4.6]
(A):
either
1. there exists 0 < k < |w| such that w** |= g and for all 0 < j < k,
w = f
or

2. forall 0 <k < |w|, wk | f

or

12



Let
(B):
for all 0 < k < |w| such that w* £ f, there exists 0 < j < k such that

“FEg

Assume (A). Let 0 < k < |w| be such that w* [~ f. Then the first disjunct
of (A) must hold, so there exists 0 < E < |w| such that w*+ | ¢ and for all
0<j <K,w' = f. Therefore, k' < k, and so with j = &’ the conclusion of (B)
holds. This proves (B).

Now assume (B). Suppose the second disjunct of (A) fails, so there exists 0 <
k' < |w| such that w* b f. Without loss of generality, &’ is minimal. Therefore
for all 0 < j < k', w? |= f. By (B), there exists 0 < k < k' such that w* = g,
and so the first disjunct of (A) holds.

Lemma 4.9 (Direct Clocked Semantics of W). Let f,g be PSL formulas, let c
be a boolean expression, and let w be a proper word over X. Then w =°¢ [f W gl iff
for all 0 < k < |w| such that w* | c and w* [=° f, there ewists 0 < j < k such
that w! | ¢ and wi =€ g

Proof.
w EC [f Wgl
iff wECIfugllIGf
iff either
w ¢ [f Ugl

w =G f
iff [Lemma 4.7]
(A):
either
1. there exists 0 < k < |w| such that w* I ¢ and w* =¢ g and for all
0 < j < k such that @/ [ ¢, w ¢ f

or

or
2. for all 0 < k < |w| such that w* I ¢, wk ¢ f
Let
(B):
for all 0 < k < |w]| such that @* I ¢ and w® ¢ f, there exists 0 < j < k
such that w’ [ ¢ and w’ ¢ ¢

Assume (A). Let 0 < k < |w| be such that @* ¢ and w* ¢ f. Then the
second disjunct of (A) cannot hold, so there exists 0 < &’ < |w| such that w* [k ¢
and w" - |=¢ g and for all 0 < j’ < Kk’ such that @/ Ik ¢, w’ |=¢ f. Therefore,
k" <k, and so with j = k’ the conclusion of (B) holds. This proves (B).

Now assume (B). Suppose the second disjunct of (A) fails, so there exists 0 < &’ <
|w| such that @* Ik ¢ and w* £¢ f. Without loss of generality, &’ is minimal.
Therefore, for all 0 < j < k' such that w E ¢, w ¢ f. By (B), there exists

0 < k < k' such that w* £ ¢ and wk+ |=¢ g, and so the first disjunct of (A) holds.
This proves (A). O
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Lemma 4.10 (Unclocked Duality of Untils). Let f,g be unclocked PSL for-
mulas, and let w be a proper word over Y. Then

lLwpEfUgl iff wEIIgW (O f&& 1g)].
22wEfWgliff wE'['gU OV f && 'g)].

Proof.

1. wkE!gw(Qfae!g]

it @l [gw (Vf && 1g)]

iff [Lemma 4.8]
—(for all 0 < k < |w| such that w* " £ g, there exists 0 < j < k
such that @/ |= ! f && 1g)

iff there exists 0 < k < |w| such that w* |= g and for all 0 < j < k,
w = fllg

iff [let k£ be minimal such that w* = g]
there exists 0 < k < |w| such that w*- |= g and for all 0 < j < k,
w' = f

iff wl[fUg]

2. wE!'MgU (f&k gl

iff wh[lgU (1f&& 'g)]

iff —(there exists 0 < k < |w| such that @ |= ! f && 'g and for all
0<j<k, w [ tg)

iff for all 0 < k < |w]| such that w* = ' f && !g, there exists 0 < j < k
such that w/~ j£ 'g

iff for all 0 < k < |w| such that w* & f || g, there exists 0 < j < k such
that w = g

iff for all 0 < k < |w| such that wk ¥ f, there exists 0 < j < k such that
W g

iff [Lemma 4.8]

wE [f Wyl
O

Lemma 4.11 (Clocked Approximate Duality of Untils). Let f,g be PSL
formulas, let ¢ be a boolean expression, and let w be a proper word over Y. Then

LwkEC[fUgl iff wECI1gW (1 f && 1g)].

2. Ifw EC [fWgl, thenw ¢ '[NgU (O f && ')]. Ifw = '['g U (\ f && 'g)]
and 1% € g, thenw E°¢ [f Wgl.

Proof.

1. wkES''gWw (f&tg]
@ S [1gW (1 f & 1g)]
iff [Lemma 4.9]
—(for all 0 < k < |w| such that w* [ ¢ and w*- [£¢ 1g, there exists
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0 < j < k such that w/ | c and w/ |=¢ ' f && !g)

iff (A):
there exists 0 < k < |w| such that w* I ¢ and w* =¢ g and for all
0<j <ksuchthat w/ [ c,w’ E°fllg

By definition,

w [ U g]

iff (B):
there exists 0 < k < |w| such that w* I ¢ and w* =¢ g and for all
0 < j < k such that @’/ | ¢, w ¢ f

Clearly (B) implies (A).

Assume (A). Take k to be minimal such that w* I cand w =¢g. Let 0 < j < k
be such that @’/ I c. By (A), w’ ¢ f || g. If w? ¥ ¢, then w? = 1, and so,
since w is proper, wk =1,a contradic‘gion. Therefore, w? [ ¢, and so by the
minimality of k, w? £¢ g. Therefore w? ¢ f. This proves (B).

wECIgU (O f && 'g)]

ifft wpEe[tgU (O f && 'g)]

iff —(there exists 0 < k < |w| such that @* I ¢ and w* |=¢ 1 f && !'g and
for all 0 < j < k such that w’ [ ¢, w/ ¢ 'g)

iff for all 0 < k < |w| such that @w* | ¢ and " |=¢ ! f && g, there exists
0 < j < k such that w’ |E c and @’ [£¢ tg

iff (A):
for all 0 < k < |w| such that @w* [ ¢ and wk [£¢ f || g, there exists
0 < j < k such that w/ [ ¢ and w/" ¢ g

By Lemma 4.9

wEC [f Wyl

iff (B):
for all 0 < k < |w| such that @w* [ ¢ and wk [£° f, there exists
0 < j <k such that w/ E c and w/ ¢ g

Absume (B). Let 0 < k < |w| be such that @* E ¢ and w* £¢ f || g. Then
~ E© f and wk £¢ g. Then by (B), there exists 0 < j < k such that w’ [ ¢
and wl+ |=¢ g. This proves (A).

Absume (A) and assume that 1* [£¢ g. Let 0 < k < |w| be such that w* I ¢
and wh EC f. If wh [£¢ g, then by (A), there exists 0 < j < k buch that
w! | ¢ and w' = g, and so the conclusion of (B) holds. Otherwme wh ¢ g.

If w* [ ¢, then the conclubion of (B) holds with j = k. Otherwme wh I c. Since
w* [ ¢, it follows that w* = L. Therefore, since w is proper, w* = 1% |=¢ g, a
contradiction.

O
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Remark: The implication
wECINgUQf&&lg)] = wkE[fWgl

may fail if 1¥ ¢ g. For example, let

f = TRUE
g = "{{[*0]} && {TRUE}}!
w= 1%

Note that w £¢ f, hence w* = w ¢ f for all k > 0. Since
T B° {{[*0]} && {TRUE}}!

it follows that w =¢ g, hence w* = w =¢ ¢ for all k > 0.

Referring to the conditions (A) and (B) in the proof of part 2 of Lemma 4.11, it
follows that the precondition of (A) is always false, so (A) holds vacuously. However,
(B) does not hold. To see this, note that the precondition of (B) is satisfied for any
k: wk =T E cand w® [£° f. But there does not exist j such that w’ = ¢, so
the conclusion of (B) fails. O
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5 Rewrite rules

This section treats rewrite rules for clocked SEREs and formulas. For both SEREs and
formulas, the semantic correspondence between a clocked entity and the rewritten
unclocked entity is proved.

For reference, the rewrite rules from Appendix B of [1] are copied below.

Rewrite rules for SEREs:
o RE({r}) = {R°(r)}
o R°(b) = {'cl*] ; c && b}
o RE(ry ; 19) = RE(r1) ; RE(r2)
RE({r} : {ra}) = {R°(r)} : {R(r2)}
o RE({ri} Il {r2}) = {R(r1)} 11 {R°(r2)}
R(
R(
RY(
R(

{r1} && {r2}) = {R°(r1)} && {R°(r2)}

o Re([*0]) = [*0]
o RE(r[¥]) = {RE(r)}[*]
o Re(r @d) = R(r)
O
Rewrite rules for formulas:
o FUUN) = Fe(N
o Fe(b!)=['cU (c & b)]
o Fe(b) = [leW (c &k b)]
o Fe(rf)=1F(f)
o Fo(f &k g) = Fo(f) & F*(g)
o FE(X! f)=1['cU (c&& X! [1cU (c & F(fND]
o F([fUgl)=[lc—>F(f)) U (c&& F(g)]
o F¢(f abort b) = F¢(f) abort b
o F(f ed) = FU(f)
o Fe({r} I-> f) ={R(r)} |-> F°(f)
o Fe({r}!) ={R(r)}!
o Fe({r}) ={R°(r)}
O
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Lemma 5.1. Let w be a finite word over X, let ¢ be a boolean expression, and let
r be a SERE. Then w E Re(r[+]) iff w E {R°(r)}[+].

Proof.
RE(r[+]1) = R(r ; r[*])
=R(r) ; RE(r[*])
=Rr) ; {R(r)}[*]
and

{Re(r)I[+] = {R°(r)} ; {R°(r)}[*]
O

Lemma 5.2. Let w be a finite word over X, let ¢ be a boolean expression, and let
r be a SERE. Then w E 7 iff w E R(r).

Proof. By induction over the structure of r.

o r=A{r7.

w E° {r}
iff wgE"”r
iff [induction]

w E R(r1)
iff wE{R(r)}
iff wE R ({rd)

o r =0

wE"Db

iff w is a clock tick of ¢ and wl*I=1 £ b

iff |w| > 0and w7t I c &g band for all 0 <i < |w| — 1, w’ | ¢
iff wE{'cl*] ; c&& b}

iff w E R(b)

e r=ry ;T

wE T ;o
iff there exist u,v such that w = uv and v E® r1 and v E ro
iff [induction]
there exist u,v such that w = uv and u E R¢(r1) and v E R¢(r2)
iff wE R (r1) ; RE(r2)
iff wgERY(r1 ; r2)

o r={ri} : {ry}.

18



w ES {r} : {r2}

iff there exist z,y, z such that w = zyz and |y| = 1 and zy E® r; and

yz E"
iff [induction]

there exist x,y, z such that w = xyz and |y| = 1 and zy E R¢(r1) and

yz E R(r2)
iff wEA{R(r1)} : {R(r2)}
iff wgER(H{r} : {r2})

r=A{r} Il {r2}.

w E" {r} 11 {r2}
iff wE"r orwE"™
iff [induction]

w E RE(r1) or w E R(ra)
iff wEARY(r)} I {R°(r2)}
iff wE R} |1 {re})

r=or1} && {ro}.

w E {r} && {r2}
iff wE"r andw E°ry
iff [induction]

w E R(r1) and w = R¢(ra)
iff wE{R(r)} && {R(r2)}
iff wERYMHr}&& {r2})

r = [*0].
w E° [*0]
iff Jw|=0
iff w = [*0]
iff wE RE([*0])

r =17y [*].

w E° r [*¥]

iff [Lemma 3.2]
either
w E° [*0]
or
w E r [+]
iff [Lemma 3.4]
either
lw| =0
or
there exist k > 0 and wy, ..., w such that w = w;

wj Er foreach 1 <j <k

19
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iff

iff

iff

iff

[induction]
either
w E [*0]
or
there exist k > 0 and wy, ..., w such that w = w;
w; = R°(r1) foreach 1 < j <k
[Lemma 3.3]
either
w E [*0]
or

w = {R(r1)}[+]
[Lemma 3.1]
w = {R(r1)} [*]
w E Re(r1 [*])

e =11 @d.

wE"r ed

iff
iff

iff

w 'Ed 1
[induction]

w = RY(r1)

w E R¢(r1 @d)

- -wy and

O

The preceding section established direct semantics for the derived LTL operators
over proper words. In this section we prove the semantic correspondence between a
clocked formula and its rewritten unclocked form for general words over X. To do
this, the direct semantics of weak until with boolean arguments for general words
over X is useful.

Lemma 5.3. Let f be an unclocked PSL formula, and let w be a word over X.
Then w = G f iff for all 0 < k < |w| such that w*- [~ f, there exists 0 < j < k
such that w = T.

Proof.

wEGSf
iff w = '[TRUEU !f]
iff —(w | [TRUEU !f])

iff

iff

iff

—(there exists 0 < k < |w| such that w* = ! f and for all 0 < j < k,
w/ |= TRUE)

for all 0 < k < |w| such that w* = ! f, there exists 0 < j < k such that
w’ |= FALSE

for all 0 < k < |w| such that w* [~ f, there exists 0 < j < k such that

w?

=T
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Lemma 5.4. Let f be an unclocked PSL formula, let b be a boolean expression,
and let w be a word over X. Then w = [f Wbl iff for all 0 < k < |w| such that
wk Ve f, there exists 0 < j < k such that wl I b.

Proof.

w = [f Wbl
iff wiElfublllGf
iff either

w = [f Ub]

wEGYS
iff [Lemma 5.3]
(A):
either
1. there exists 0 < k < |w| such that w* £ b and for all 0 < j < k,

wi = f
or

2. for all 0 < k < |w| such that w* [~ f, there exists 0 < j < k such that
wl =T

or

Let
(B):
for all 0 < k < |w| such that w* [ f, there exists 0 < j < k such that
w F b
Assume (A). Let 0 < k < |w| be such that w*" [~ f. Suppose that the first
disjunct of (A) holds. Then there exists 0 < k' < |w| such that w* I b and for
all 0 < j' < k', w' = f. Therefore, k' < k, and so with j = k’ the conclusion of
(B) holds. Suppose now that the second disjunct of (A) holds. Then there exists
0 < j < k such that w’ = T I b, and so the conclusion of (B) holds. This proves
(B).
Now assume (B). Suppose the second disjunct of (A) fails. Then there exists
0 < k' < |w| such that w* -~ & f. Taking k' to be minimal, it follows that for all
0<j<k,w = f. By (B), there exists 0 < k < k’ such that w* IE b, and so the
first disjunct of (A) holds. O

Lemma 5.5. Let w be a word over X, let ¢ be a boolean expression, and let f be a
PSL formula. Then w =° f iff w = F°(f).

Proof. By induction over the structure of f.
o f=(p.

w E¢ (¢)
iff wktyg
iff [induction]

w = F(g)
iff wE (F(g))
it wE F((g)
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o f=0bl.

w
iff
iff

iff

w
iff
iff
iff

iff

Also

¢ b!

there exists 0 < j < |w| such that w7 is a clock tick of ¢ and w’ I b
there exists 0 < j < |w| such that w’ £ ¢ && b and for all 0 < i < 7,
w' E e

there exists 0 < j < |w| such that w’ |= ¢ && b and for all 0 < i < j,
wi.. ': e

wkE el (c&kb)]

w = Fe(b)

. Note that

= b

for all 0 < j < |w| such that w%7 is a clock tick of ¢, w’ £ b
for all 0 < j < |w| such that w’ I ¢, if for all 0 < i < 7,

w' E e, then w’ E b

for all 0 < j < |w| such that @’ I ¢, either there exists 0 < i < j such
that w' ¥ 'corw’ E b

[Lemma 3.5]

(A): |

for all 0 < j < |w| such that w? I !¢,

either

1. there exists 0 <4 < j such that w' [ ¢

or

2. w b

w k= Fe(b)

iff
iff
iff

iff

whkE [eW (c&&b)]

[Lemma 5.4

for all 0 < j < |w| such that w’- [~ !¢, there exists 0 < i < j such that
w' E c&& b

(B): |

for all 0 < j < |w| such that w? ¥ !e, there exists 0 < i < j such that
w' E c&& b

Clearly (B) implies (A).

Assume (A). Let 0 < j < |w| be such that w? I !c. Suppose condition 2 of
(A) holds. Then w’ ¢ {T, L}, hence w’ £ ¢ && b, and so the conclusion of (B)
holds with ¢ = j. Suppose now that condition 1 of (A) holds. Then there exists
0 < i’ < j such that w" I|F ¢. Without loss of generality, i’ is minimal. If w* = T,
then plainly the conclusion of (B) holds with i = i’. Otherwise, w® I !c. Then
either condition 1 or condition 2 of (A) holds with j = ¢’. Condition 1 cannot hold
because i’ was chosen minimal. Therefore condition 2 holds, hence w” |k ¢ && b.
Thus, the conclusion of (B) holds with ¢ = ¢’. This proves (B).
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o f=1g.

w =g

iff
iff
iff
iff

w = g
[induction]
w = F(g)
w = 17 (g)
w = F(tg)

o f=g&&h.

wECg&&h

iff
iff

wE¢ gand w ¢ h
[induction]

w = F¢(g) and w = F(h)

iff w k= Fe(g) & Fe(h)
iff wk= Fe(g && h)
o f=X!g.

wECXg

iff there exist 0 < j < k < |w| such that w7 and w/*1-*¥ are clock ticks of
cand wh ¢ g

iff [induction]
there exist 0 < j < k < |w]| such that w®7 and w?T'* are clock ticks of
c and w* = F(g)

iff there exist 0 < j < k < |w| such that w* = F¢(g) and w"* [ ¢
and w’ IE cand forallisuchthat 0 <i<jorj<i<k w' E lc

iff there exist 0 < j < |w| — 1 such that w/*1 = [tc U (c & F°(g))] and
wl e c and for all 0 <7 < 7, wt E e

iff there exist 0 < j < |w| such that w’ = X! ['c U (c && F¢(g))] and
w! E cand forall 0 <i < j, w' [ !¢

iff wkE[lceU (c&&X! [eU (c&& F(g))1)]

iff wE FeX! g)

o f=1[gUR]

w ¢ [g U A]

iff there exists 0 < k < |w| such that w* k ¢ and w* =¢ h and for all
0 < j < k such that @’/ [ ¢, w/ ¢ g

iff [induction]
there exists 0 < k < |w| such that w* I ¢ and w* = F¢(h) and for all
0 < j < k such that w/ [ ¢, w/ = F(g)

iff there exists 0 < k < |w| such that w* = ¢ && F¢(h) and for all
0 < j <k, either w? £ cor wi = F¢(g)

iff [Lemma 3.5]

there exists 0 < k < |w| such that w* |= ¢ & F¢(h) and for all
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0 < j <k, either w? £ !cor w' = F¢(g)

iff there exists 0 < k < |w| such that w* = ¢ && F¢(h) and for all
0<j <k wEc->Fg)

iff w= [(c->F%g)) U (c&& F°(h)]

iff wE F([gUhRI)

e f =g abort b.

w ¢ g abort b

iff either w = g or there exists 0 < j < |w| such that w? [ b and
wO..j—lTw ':c g

iff [induction]
either w = F¢(g) or there exists 0 < j < |w| such that w? [F b and
wO..j—lTw ': .'F(.(g)

iff w = F°(g) abort b

iff w = F°(g abort b)

o f=gad.

w E° g ed
iff wgklg
iff [induction]
w = Fi(g)
iff w = F°(g ed)

o f={r} 1>y

wES{ry |->g
iff for all 0 < j < |w| such that w®7 E® r, wi ¢ g
iff [induction, Lemma 5.2]
for all 0 < j < |w| such that w”7 = Re(r), w' = F(g)
it w - (R} 1-> Fo(g)
iff wgFH{ry 1->g)

o f=A{r}!.

w =€ {r}!
iff there exists 0 < j < |w| such that w7 E°r
iff [Lemma 5.2]
there exists 0 < j < |w| such that w%7 = R¢(r)
iff w = {R(r)}!
it w = Fo(Or)

o f={r}.
w =° {r}

iff forall 0 <j < |w|, w7 TY ¢ {r}!
iff [argument for f = {r}!]
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for all 0 < j < |w|, W T* | F¢({r}!)
iff forall 0 <j < |w|, w’ITY | {R(r)}!
iff wE={R(r)}
iff wE Fe({r})

O

Corollary 5.6. Let w be a word over X, let ¢ be a boolean expression, and let f be
a PSL formula.

Lw = fiff w =~ Fe(f).
2w < iff w =t FE(f).
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6 Clock ticks

Lemma 6.1. Let w be a finite word over X. w is a clock tick of TRUE iff there
exist k >0 and a # L such that w = T*a.

Proof.

w is a clock tick of TRUE
iff |w| > 0 and w¥I=! I TRUE and for every 0 <i < |w| — 1, w’ Ik FALSE
iff |w| > 0 and w!®!=* # 1 and for every 0 <i < |w| — 1, w' =T
iff [let k= |w| — 1, a = wl*I~1]
there exists k > 0 and a # L such that w = T*a

O

Lemma 6.2. Let ¢ be a boolean expression. Then T* is a clock tick of c iff k > 0.

Proof.

Tk is a clock tick of ¢

iff [T¥|>0and T k candforall0<i<k—1,T E !¢
iff [T satisfies all boolean expressions]
k>0
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7 Tight satisfaction of SEREs

This section presents results on the unclocked and clocked tight satisfaction rela-
tions.

The rewrite rules for SEREs and Lemma 5.2 show that the clocked tight satis-
faction relation can be derived from the unclocked tight satisfaction relation. The
unclocked tight-satisfaction semantics of unclocked SEREs is related to the clocked
tight-satisfaction semantics of unclocked SEREs clocked by TRUE, but the two se-
mantics are not equivalent.

Lemma 7.1. Let w be a finite word over X, and let r be an unclocked SERE. If
wE 7, thenw ™"

Proof. By induction over the structure of r. Note that for each of the primitive
unclocked SERE forms except boolean expression, the corresponding clocked SERE
definition is obtained by changing |= to E°. Therefore it is enough to check the
implication in the case of boolean expressions.

wED
iff |w|=1andw’ E b
= [Lemma 6.1]
w is a clock tick of TRUE and w!®!=1 | b
iff wE™"0b

O

Remark: The converse of the preceding lemma does not hold. For example,
T2 E™ TRUE, but T2 £ TRUE. The converse does hold if w is a word over
2P Therefore, for words over 2P, the unclocked tight-satisfaction semantics of
unclocked SEREs can be derived as a special case of the clocked tight-satisfaction
semantics of unclocked SEREs clocked at TRUE. However, for general words over X,
the PSL unclocked tight-satisfaction semantics of unclocked SEREs is not derived in
this way. O

Lemma 7.2. Let w be a finite word over X, and let r be an unclocked SERE. If
w E r, then no letter of w is L.

Proof. By induction over the structure of r. Write good (w) to mean that no letter
of wis L.

o r =0

wED

iff |w|=1and w’ E b
= |w|=1and w® # L
= good (w)

o r={r7}.
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w E {rm}

iff wEgEmM

= [induction]
good (w)

e =71, T2

wE™M ;™
iff there exist u,v such that w =wv and u E r; and v E 79
= [induction]

there exist u, v such that w = uv and good (u) and good (v)
= good (w)

o r={r1} : {ra}.

w |E {ri} : {r2}
iff there exist x,y, 2z such that w = xyz and |y| = 1 and zy E r and
yz E 1o
= [induction]
there exist x,y, z such that w = xyz and good (zy) and good (yz)
= good (w)

o r={ri} || {r2}.

wE {ri} [ {r2}
iff wiE”rorwlkEm”r
= [induction]

good (w) or good (w)
iff  good (w)

o 7 ={r1} && {r2}.
w E {r1} && {r2}
iff wE”Mandw Ere
= [induction]
good (w) and good (w)
iff  good (w)
e 7 = [*0].
w = [*0]
iff |w|=0

= good (w)

o r =1y [+].
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w E r[+]

iff [Lemma 3.3]
there exist £ > 0 and wx, ..., wy such that w = wy ---wy and w; E ™
forall1 <j <k

= [induction]
there exist £ > 0 and wy, ..., wy such that w = w, - - - wy and good (w;)
forall1 <j<k

= good (w)

O

Lemma 7.3. Let w be a finite word over X, let r be a SERE, and let ¢ be a boolean
expression. If w [E° r, then no letter of w is L.

Proof.
wE"r
iff [Lemma 5.2]
w E RE(r)
= [Lemma 7.2
no letter of w is L

O

Lemma 7.4. Let r be an unclocked SERE, let w be a finite word over X, and let t
be a finite word over X such that |t| = |w| and such that for all 0 <14 < |w|, either
th=w! ort'=T. Ifw =, thent = 7.

Proof. By induction over the structure of r.

o r =0

wED

iff |w|=1and w’ E b

= [|t| = |w| and either t* = w° or tY = T]
[t|=1and t° I b

iff tEDb

o r=A{r’}.

w E {rm}

iff wEgEmM

= [induction]
t |E T1

iff ¢t {r}

e =171 ; To.

Assume w = 71 ; r2. Then there exist u,v such that w = uv and v E m and
v E ro. Then there exist t,,t, such that |t,| = |u|] and |t,]| = |v| and t = t,t,.
By induction, ¢, = r1 and t, E 9. Therefore t =11 ; ro.
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r=or1} : {ro3}.

Assume w [E {r1} : {ro}. Then there exist z,y, z such that w = zyz and |y| =1
and zy = r; and yz = 2. Then there exist ¢;,t,,t, such that |t;| = |z] and
[ty| = |y| and |t;| = |z| and t = t,t,t.. By induction, t;t, = r and t,t, = 2.
Therefore t = {r1} : {r2}.

o r=o{ri} || {r2}.
wE {ri} | {r2}

iff wiE”rorwlkEm”

= [induction]
tETMort [ Ere

iff tE={ri} Il {r}

o r={r} && {rs}.

w E {r1} && {rs3

iff wE™”MandwEre

= [induction]
tErmandt E

iff ¢ = {ri} && {r2}

e = [*0].

w = [*0]
iff jw|=0
= [t{=0
iff ¢ = [*0]

o r =1y [+].

Assume w [E 71 [+]. By Lemma 3.3, there exist £ > 0 and wq, ..., w; such that
w=w ---w and w; E 7 for all 1 <j < k. Then there exist ¢1, ..., ¢ such that
[t;] = |w;| for all 1 < j < k and such that ¢t = ¢; - - - ;. By induction, ¢; = r for
all1 <j <k,and sot E r [+].

O

Lemma 7.5. Let r be a SERE, let ¢ be a boolean expression, let w be a finite word
over X, and let t be a finite word over X such that [t| = |w| and such that for all
0 <i<|w|, eithert* =w* ort' =T. Ifw E°r, thent E° r.

Proof.

wE"r

iff [Lemma 5.2]
w E RE(r)

= [Lemma 7.4
t E Re(r)

iff [Lemma 5.2]
tE"r
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O

Remark: Note that # can be taken as T1*! in Lemma 7.4 and Lemma 7.5. O

Lemma 7.6. Let r be a SERE, and let ¢ be a boolean expression. Then TF E° r iff
—|—k |ETRUE P

Proof. By induction over the structure of . Let t = T*,

o r =0

tEb
iff ¢is a clock tick of ¢ and ¢/*I=1 I b
iff [Lemma 6.2]
E>0andt=1 b
iff [Lemma 6.2]
t is a clock tick of TRUE and t/{I=1 | b
i ¢ BT g

o r={r7.

t E° {r}

iff tE"r

iff [induction]
+ |ETRUE r

iff + =™ {r}
o r=r1; 7.

tE“r 5
iff there exist u,v such that t = uv and u E° r; and v E° 1o
iff [induction, using u = T/l v = T[]
. __TRUE TRUE
there exist u,v such that t = uv and u E ry and v E T2
iff t ="

o r={r} : {ra}.

tE {r} : {r}

iff there exist x,y, z such that ¢t = xyz and |y| = 1 and
xy E° r1 and yz E o

iff [induction, using xy = T/l yz = Tlv2I]
there exist x,y, z such that t = xyz and |y| = 1 and
ry E™ rp and yz ETC ry

iff ¢ |ETRUE {ri} : {r22

o r=1rml} Il {r}.
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t E° {r} 1] {r}
iff tE"riortE"r
iff [induction]
t |ETRUE ry or t ETRUE o
f ¢ = L) 1] L)

r={r} && {r.}.

t = {r} && {r}
iff tE"r andt E° ro
iff [induction]
tE™  ryandt ™ r
iff ¢t =" {r) & {r2}

r = [*0].

t E=° [*0]
iff [t =0
iff ¢ =" [x0]

r =7y [+].

t E° ri[+]
iff [Lemma 3.4]
there exist k£ > 0 and ¢4, .
t; ESriforalll <j<k
iff [induction]

there exist k£ > 0 and ¢4, ..

..,tp such that t = t; - - - t}, and

.,tr such that t = ¢; - - -t} and

t; EM g foralll1 <j <k

iff [Lemma 3.4]
t |ETRUE r [+:|

r =17y @d.
t |Ec T1 ed

iff ¢t =y
iff ¢ =" ed

O

Lemma 7.7. Let r be an unclocked SERE, let ¢ be a boolean expression, and let w

be a non-empty finite word over X. If w E r, then wV!=1 | c.

Proof. By induction over the structure of r. Let I = |w| — 1.

o r =0
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wE"b

iff w is a clock tick of ¢ and wl*I=1 Ik b

iff jw| >0, w E tcforal0<j<|w—1,and wI=! | cand wl*l=t |k b
= wl k¢

o r=A{r7.

wE" {r}

iff wE"”r

= [induction]
wl e

e =71, T2

wE"r ;T

iff there exist u,v such that w = uv and v E® rq and v E® ro

= [induction]
w = uv and if u is non-empty then u/“/~! |k ¢ and if v is non-empty then
O S

= [w = uv is non-empty; if [v| > 0 then w! = vI*I=1; otherwise w! = ul*I=1]
wl E ¢

o r={r} : {ra}.

c
w E" {r1} : {re}
iff there exist z,y, z such that w = zyz and |y| = 1 and zy E® r; and
yz B o
= [induction]
w = zyz and yz!¥*1-1 | ¢
= [w! = yzlvzI-1]
wl k¢

o r=Arl} Il {r:}.
w ES {rY | {r}
iff wE"r orwE"r
= [induction]

wl E corw! E ¢
if w! k¢

o r={r} && {r}.
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w E {r} && {r2}

iff

w E"r and w E® o

= [induction]

iff

w! E cand w! E ¢
w! E ¢

r = [*0]. Since w is non-empty, w E° [*0].

r=ry[+].

w EC ri[+]

iff [Lemma 3.4]
there exist £ > 0 and wy, ..., w, such that w = wy - - - wy, and w; |EC r1 for
all1<j<k

iff [throw away unnecessary empty w; and reindex]
there exist k£ > 0 and non-empty wy, ..., wy such that w = wy ---wy, and
wj ECr forall1<j <k

= [induction]
there exist k > 0 and non-empty wi, ..., wy such that w = wy - - - wy and

wT e call 1< j <k
[’ = w1

wl e
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8 SERE formulas

Let r be a SERE. The strong promotion of r to a PSL formula is denoted {r}!, while
the weak promotion is denoted {r}. This section presents results on the formula
semantics of {r}! and {r}.

Lemma 8.1. Let w be a word over X, let ¢ be a boolean expression, and let v be a
SERE.

Low =€ {r}! iff w = {R(r)}!.
2w EC{r} iff wEAR(r)}.

Proof. Immediate from Lemma 5.5 and the rewrite rules. O

Lemma 8.2. Let w be a word over X, let ¢ be a boolean expression, and let v be a
SERE.

Lw =~ O} iff w =" {R(r)}.
2.w = {r} iff wET {R(r)}.
3ow BT {3 iff w T {R(r)}!.
4w = Oy iff wET AR}

Proof. Immediate from Corollary 5.6 and the rewrite rules. O

Lemma 8.3. Let w be a word over X, let ¢ be a boolean expression, and let r be
an unclocked SERE.

LwkE=A{r}! iff wiE= ' {r} |-> FALSE).
2.w EC {r}! iff w EC ' ({r} |-> FALSE).

Proof.

1.  wpE '({r} |-> FALSE)
iff @ £ {r} |-> FALSE
iff —(for every 0 < j < |w| such that w%J [= r, @’ |= FALSE)
iff there exists 0 < j < |w| such that w%+ = r and @’ £ FALSE
iff [if 0 <j < |wl|, then @’ is non-empty]
there exists 0 < j < |w| such that w®+/ = r and W/ ¥ FALSE
iff there exists 0 < j < |w| such that w%J |= r and w7 # T
iff there exists 0 < j < |w]| such that w%J |= r and w/ # L
iff [if w9 = r, then w/ # L by Lemma 7.2]
there exists 0 < j < |w| such that w%7 = r
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w = ' ({r} |-> FALSE)

if
iff
iff
iff
iff

iff

iff

w [=¢ {r} |-> FALSE

—(for every 0 < j < |w| such that w’J E° r, W’/ |=¢ FALSE)

there exists 0 < j < |w| such that w%7 =° r and @’ [£° FALSE

there exists 0 < j < |w| such that w%7 E° r and —(for all j < k < |w|
such that w’* is a clock tick of ¢, w* | FALSE)

there exists 0 < j < |w| such that w%J =° r and there exists j < k < |w|
such that w’~* is a clock tick of ¢ and w* I FALSE

[if w9 is a clock tick of ¢, then w* I ¢, hence w* # L, hence w* # T,
hence w* ¢ FALSE]

there exists 0 < j < |w| such that w%J =° r and there exists j < k < |w|
such that w’* is a clock tick of ¢

[if w7 E° r, then, by Lemma 7.7, w’ I ¢, hence w7 is a clock tick of
c

t]here exists 0 < j < |w| such that w7 E°r

O

Lemma 8.4. Let r be a SERE, let ¢ be a boolean expression, and let w be a word
over X. Then w =€ {r}! ff w ¢ '({r} |-> FALSE @TRUE).

Proof.

w ¢ 1 ({r} |-> FALSE @TRUE)

w B¢ {r} |-> FALSE @TRUE

—(for every 0 < j < |w| such that w%J E° r, @/ |=° FALSE @TRUE)
—(for every 0 < j < |w| such that w%J E° r, @/ =" FALSE)

there exists 0 < j < |w| such that w®J E° r and —(w’ E="""E FALSE)
there exists 0 < j < |w| such that w®9 E r and —(for all j < k < |w|
such that w’~* is a clock tick of TRUE, @ | FALSE)

there exists 0 < j < |w| such that w7 E° r and there exists j < k < |w|

iff
iff
iff
iff
iff
iff

iff

iff

such that w’* is a clock tick of TRUE and @

k£ FALSE

[if w?* is a clock tick of TRUE, then w*  TRUE, hence w* # L, hence

w

¥ £ T, hence w* It FALSE]

there exists 0 < j < |w| such that w®+7 E° r and there exists j < k < ||
such that w’-* is a clock tick of TRUE

[if w7 E° 7, then w/ # 1, so w’ is a clock tick of TRUE]

there exists 0 < j < |w| such that w®7 E°r

O

Lemma 8.5. Let w be a word over X, and let r be an unclocked SERE. The follow-
ing are equivalent:

1w E {r}.

2. For every non-empty finite u < w, u =~ {r}!.

3. |lw| = 0 or for every finite u < w, u =" {r}!.
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Proof.

w = {r} '
iff for all 0 <j < |w|, w* T« = {r}!
iff for every non-empty finite u < w, u =~ {r}!

w = {r}
iff forall 0<j < |w|, w"IT¥ &= {r}!
iff |w|=0or (Jw| >0 and for all 0 < j < |w|, w*I T = {r}!)
iff [by Lemma 7.4, if w®0T% = {r}!, then T* &= {r}!]

|w| =0 or (Jw| > 0 and for every finite u < w, uTY = {r}!)
iff |w| =0 or for every finite © < w, v =~ {r}!

O

Lemma 8.6. Let w be a word over X, let ¢ be a boolean expression, and let r be a
SERE. The following are equivalent:

1w =€ {r}.
2. For every non-empty finite u < w, u =~ {r}!.

3. |w| =0 or for every finite u < w, uw =" {r}!.
Proof. Follows from Lemma 8.5 using Lemma 8.1 and Lemma 8.2. O

Lemma 8.7. Letw be a word over X, and let v be an unclocked SERE. If w = {r}!,
then w = {r}.

Proof. Assume w = {r}!. Then there exists 0 < k < |w| such that w* = r. In
particular, |w| > 0. Let u be any finite prefix of w. By Lemma 7.4, (uT%)%* = r.
Therefore uT“ = {r}!. By Lemma 8.5, this proves that w |= {r}. O

Lemma 8.8. Let w be a word over X, let ¢ be a boolean expression, and let v be a

SERE. If w =¢ {r}!, then w ¢ {r}.

Proof. Follows from Lemma 8.7 using Lemma 8.1. O

Lemma 8.9. Let w be a finite word over X', and let v be an unclocked SERE.

1. The following are equivalent:

o w k=" {r}.
o wlE" {r}'.
e For every finite u < w, u =~ {r}!.

2. The following are equivalent:

o wET {r}.
o W ':+ {r}!.
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e wE {r!.

Proof.

1. Note that

w =~ {r}
iff wTY E{r}
iff [Lemma 8.5; [wT%| > 0]
for every finite u < wT¥, uT¥ = {r}!
iff for every finite u < w, uT¥ = {r}!
iff for every finite u < w, u |~ {r}!

Then

w =~ {r}
= [since w is finite, let u = w]

wET {r}!
and

w =" {r}!

iff wTY | {r}!

= [Lemma 8.7]
wT = {r}

iff wE"{r}

2. Note that

w =T {r}!
iff wl® | {r}!

iff there exists j > 0 such that (w1«)% = r

iff [Lemma 7.2]

there exists 0 < j < |w| such that w%J = r

iff wil={r}!

By Lemma 8.7, w =1 {r}! implies w =1 {r}.

It now suffices to show that w =T {r} implies w = {r}!. Assume w =T {r}.
Then wl® = {r}. Since |wLl®| > 0, Lemma 8.5 implies that for every finite
u=wl¥ uT¥ | {r}! Since w is finite, we can take u = wl to get

wlTY = {r}!
so there exists j > 0 such that
(wJ_T“)O"j Er

By Lemma 7.2, j < |w|, so w = {r}!.
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O

Corollary 8.10. Letw be a non-empty finite word over X', and let v be an unclocked
SERE. The following are equivalent:

o w " {r}.
o w " {r}!.
o wE {r}.

O

Remark: The hypothesis that w be non-empty cannot be dropped from Corol-
lary 8.10. If |w| = 0, then w = {r} holds vacuously for any unclocked SERE r.
However, if

r = {[*0]} && {TRUE}

then w == {r}!. O

Lemma 8.11. Let w be a finite word over X, let ¢ be a boolean expression, and let
r be a SERE.

1. The following are equivalent:

e w " {r}.

o w =" {r}!.

o For every finite u X w, u = {r}!.
2. The following are equivalent:

o w =T {r}.

o w ':C+ {r}!.

o w = {r}!.

Proof. Follows from Lemma 8.9 using Lemma 8.1 and Lemma 8.2. O

Corollary 8.12. Let w be a non-empty finite word over X, let ¢ be a boolean ex-
pression, and let r be a SERE. The following are equivalent:

o w =" {r}.
o w = {r}!.
e w ¢ {r}.
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O

Remark: The hypothesis that w be non-empty cannot be dropped from Corol-
lary 8.12. If |w| = 0, then w =° {r} holds vacuously for any SERE r. However,
if

r = {[*0]} && {TRUE}
then w = {r}!. O

Lemma 8.13. Let w be a word over X, and let r be an unclocked SERE.
LwpE {4} iff wET {r}!.
2.If wE" {r}, then w E {r}. If |w| >0 and w = {r}, then w £~ {r}.

Proof. For w infinite, the results are immediate, since w = f, w =1 f and
w =~ f are all equivalent. Assume w is finite. Part 1 follows from Lemma 8.9. By
Lemma 8.5, w = {r} iff

|w| = 0 or for every finite u < w, u =" {r}!
By Lemma 8.9, w == {r} iff
for every finite u < w, u |~ {r}!

Hence Part 2. O

Lemma 8.14. Let w be a word over X, let ¢ be a boolean expression, and let r be
a SERE.

Lw EC{r} iff wEST {r}!.
2. If w = {r}, then w E° {r}. If |[w| > 0 and w ¢ {r}, then w = {r}.

Proof. Follows from Lemma 8.13 using Lemma 8.1 and Lemma 8.2. O
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9 Prefix/Extension theorem

This section proves that the Prefix/Extension Theorem of [4] holds for PSL, both
in unclocked and clocked forms.

Theorem 9.1 (Unclocked Prefix/Extension). Let u,v,w denote words over
X, and let f be an unclocked PSL formula.

LolE=f iff foralu=<v,ulE" f.
2.0 =T f iff forallw>=v, wgE" f.

Proof. Clearly the («=) direction holds in both cases. We prove the (=) direction
by induction over the structure of f.

o f=0b!.

1.vTY = b!
iff [v|=00r2" Ik b
= forallu <v, |u/=0o0ru’ IE b
iff for all u < v, uT¥ = b!

2. v1¥ k= b
iff |v]>0and® E b
= for all w = v, |w| > 0 and w° I b
iff for all w > v, wl® = b!

o f=(g.

1.vTY E ()
iff vT¥ g
= [induction]
forallu v, uTY =g
iff for allu < v, uT¥ = (g)

2.01l¥ E (¢9)
iff vl¥ g
= [induction]
forall w = v, wl¥ g
iff for all w > v, wl® = (¢)

o f=1g.

1. =(for all u 2 v, uT¥ = 1g)
iff there exists u < v such that =(uT%¥ = !g)
iff there exists u < v such that ul“ = g
= [induction]
vl =g
iff =(vT¥ = 1g)
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2. —(for all w = v, wl¥ = 1g)
iff there exists w = v such that =(wl® = !g)
iff there exists w = v such that @ T = ¢
= [induction]
1T =g
iff =(vl® = tg)
o f=g&&h.

1L.oTY Eg&& h
iff vTY EgandvTY Eh
= [induction]
forall u < v, uT¥ = gand uT¥ = h
iff forallu <v, uTY =g & h

2.0l =g && h
iff v1¥Egandvl® E=h
= [induction]
for all w = v, wl¥ g and wl¥ = h
iff forall w > v, wl® = g&&h

o f=A{r}!.

1. Assume vT% |= {r}!. Then there exists k& > 0 such that (vT«)%* = r. If

u < v, then
(u—rw)o..k — (,UO..|u\—1—|—w)0..k
By Lemma 7.4, (uT%)%* = r hence uT® |= {r}!.

2. Assume v1% = {r}!. Then there exists £ > 0 such that (v1*)%* = r. By
Lemma 7.2, k < |v|, hence v>* = r. Therefore, if w > v, then (wl1®)?* =
v%* = 7 hence wl% = {r}!.

o f={r}.

1. Assume vT¥ = {r}. Let v < v. If u is infinite, then v must be infinite, in
which case
uT® =vTY = {r}

Otherwise, u is finite. Since |vT*| > 0, Lemma 8.5 gives uT% = {r}!, so by
Lemma 8.7, uT¥ = {r}.

2. Assume v1¥ = {r}. Let w > v. If v is infinite, then
wl? =vl® = {r}

Otherwise, v is finite. By Lemma 8.9, v = {r}!, so there exists 0 < j < |v]
such that v*+J = r. Since v%7 < wl¥ wl® = {r}!, and so by Lemma 8.7,
wl® = {r}.

o f=X!g.
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1L.oTY EXlyg

iff
iff
=
iff
iff
iff
iff
=
iff
iff

(T g

Ul..Tw ': g

[induction; if u < v, then ul < vl-]
forallu <v, v~ T¥ =g

for all u < v, (uT¥) =g
forall u v, uTY E X! g

wlY EXlyg

(1) - g

Ul..J_w ': g

[induction; if w = v, then w'+ = v+
for all w = v, W' 1¥ = g

for all w = v, (Wl =g

forall w = v, wl® E X! g

o f=1[gUR]

1.

vT¥ = [g U Al

iff

iff

=

iff

iff

iff

iff

=

iff

iff

there exists k¥ > 0 such that (vT%)* |= h and for all 0 < j < k,

(T Eyg

there exists k > 0 such that v* T« |= hand for all 0 < j < k, v/ T* = g
[induction; u < v implies u® < v’

for all u < v, there exists k > 0 such that u* T¢ E h and for all
0<j<kuTYEg

for all u < v, there exists k¥ > 0 such that (uT«)* = h and for all
0<j<k TV kg

for all u < v, uT¥ = [g U R]

vlY = [gUR]

there exists k > 0 such that (vL*)* = h and for all 0 < j < k,
(012 = g

there exists k > 0 such that v* 1% = hand for all 0 < j < k, v/ 1% = ¢
[induction; w = v implies w’ = v*"]

for all w > v, there exists k > 0 such that wk 1@ E h and for all
0<j<kw-1¥Eg

for all w = v, there exists k& > 0 such that (w1*)* = h and for all
0<j<h W) g

for all w = v, wl® = [g U hl

e f =g abort b.

1.

vT¥ |= g abort b

iff

iff
=

vT% |= g or there exists k > 0 such that (vT%)* [ b and

(va)O..kflTw ’: g

vT¥ = g or there exists & > 0 such that (vT«)* | band 0%+ 1T« = g
[induction; if u < v, then u®-¥~1 < v0-*=1 and either (uT«)* = (vT¥)* or
(uT«)* =]

for all u < v, uT = g or there exists k > 0 such that (uT*)* I b and
uO..k—lTw ': g

43



iff for all u < v, uT¥ = g or there exists k > 0 such that (uT*)* | b and
(uTw)O..kflTw ’: g
iff forallu < v, uT¥ |= g abort b
2.v1l% = g abort b
iff v1“ |= g or there exists k > 0 such that (v1*)* | b and
(UJ_w)O..kflTw ’: g
iff vT“ = g or there exists 0 < k < |v| such that v* | band v 1Tv = ¢

= [induction; if w = v and if 0 < k < |v|, then w* = v* and
w0 k=1 = 0-k=1]

for all w = v, w1“ |= g or there exists 0 < k < |v| such that w* I b
and w" F1T¢ = g

iff for all w = v, w1 = g or there exists 0 < k < |v| such that (w1“)* I b
and (wJ_w)O..kflTw ’: g

= for all w = v, wl¥ |= g or there exists k > 0 such that (wL1*)* [ band
(wJ_w)O..kflTw ’: g

iff for all w > v, wl® |= g abort b

o f={r} I->g.
1. First note that for any word w,

wTY ={r}y |->¢
iff for all j > 0 such that (w1)%J Er (wT¥) Eg
iff [Lemma 7.2]
for all 0 < j < |w| such that W% Er, wTY g
Assume vT% = {r} |->g and let u < v. Then for all 0 < j < |v| such that
%9 Er 0T = g. Let 0 < j < |u| be such that %7 = r. Then 999 = 4%,
so v/ T% = g. By induction, u/* T = g. This proves that uT = {r} |->g.
2. Assume v1¥ E {r} |->¢g and w > v. Then for all j > 0 such that
(@T«)0J |= 7, v/ 1Y = g. Suppose j > 0 is such that (wT«)%J = r. Then
by Lemma 7.4, it follows that (v T«)%+ = r, and so v/ 1 = g. By induction,
wl 1% = g. This proves that wl® = {r} |->g.

O

Theorem 9.2 (Clocked Prefix/Extension). Let u,v,w denote words over X,
let ¢ be a boolean expression, and let f be a PSL formula.

Lo E f 4ff foral u=<v,ulE f.
2.0 BT f dff for all w= v, w ST f.

Proof. Follows from Theorem 9.1 using Corollary 5.6. O
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10 Boolean formulas

This section discusses the promotion of boolean expressions to formulas and their
relation to SERE formulas.

Lemma 10.1. Let w be a word over X, and let b be a boolean expression.
LwEDd iff wiEkY iff wkE '({b} |-> FALSE).
22w ED iff wiEAbY ff wpE{!'b} |-> FALSE.

Proof.
1. By Lemma 8.3, w = {b}! iff w = ' ({b} |-> FALSE).

w = {b}!
iff there exists 0 < j < |w| such that w7 = b
iff [w’J = bonly if j = 0]
|w| >0 and w"° = b
iff |w|>0and w® I b
iff w = b!

2. w = {!b} |-> FALSE
iff @ £ ' ({!1b} |-> FALSE)
iff [part 1, Notation 3.6]
w = s(1b)
iff w = 's(1b)
iff [Lemma 3.7]
wED

w = {b}
iff for all 0 <j < |w|, w7 T = {b}!
iff for all 0 < j < |w|, there exists 0 < k such that (w7 T«)%* =
iff [(wOIT)0* = b only if k = 0]
for all 0 < j < |wl, (w0~~j'|—w)0..0 Eb
iff |w|=0orw™" =b
iff |w| =0 or (Jw| >0 and w°® Ik b)
iff |[w|=0orw’ IE b
iff wEgEDb

O

Lemma 10.2. Let w be a word over X, and let b, c be boolean expressions. Then
LwESDH iff wEC{bY iff wEc ' ({b} |-> FALSE).
2w ECb iff wEC{b} iff w =°{!'b} |-> FALSE.

Proof. By Lemma 8.3, w E=¢ {b}! iff w =¢ ! ({b} |-> FALSE).
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w =¢ {b}
iff there exists 0 < j < |w| such that w%J E°b
iff there exists 0 < j < |w| such that w%7 is a clock tick of ¢ and w’ IE b
iff w [ b!
This proves 1.
w =° {1b} |-> FALSE
iff w E° 1 ({10} |-> FALSE)
iff [part 1, Notation 3.6]
w F#° s(1h)
iff w =° 1s(1b)
iff [Lemma 3.8]
wECD

Also

w =° {b} ‘

iff for all 0 < j < |w|, w7 T =€ {b}!

iff for all 0 < j < |w]|, there exists 0 < k such that (w%7T«)0*k =°p

iff
(A): ,
for all 0 < j < |w], there exists 0 < k such that (w®7T«)%* is a clock tick
of c and (w7 TY)* | b

and
wECD

iff
(B): ‘ .
for all 0 < j < |w| such that w7 is a clock tick of ¢, w’ I b

Assume (A). Let 0 < j < |w| be such that @’ is a clock tick of c. By (A),
there exists 0 < k such that (w7 T«)%* is a clock tick of ¢ and (w*IT«)* £ b.
In order to prove (B), it suffices to show that k& = j, since then it follows that
w! = (w"JIT)* | b. Suppose that k < j. Then (w7 T)%* = 0-F is a clock
tick of ¢, and so w* IE ¢. Since W% is a clock tick of ¢, @W* IE !¢, so by Lemma 3.5,
w® ¥ ¢, a contradiction. Suppose that k > j. Then (w7 T«)%k = 0-ITk=J is a
clock tick of c¢. Therefore, w? I !c. Since @w" 7 is a clock tick of ¢, @/ I ¢, so by
Lemma 3.5, w’/ ¢ !¢, a contradiction.

Now assume (B). Let
I={0<i<|w:w g2F orw [ c}.

Suppose I is empty. Then, for all 0 < i < |w|, w® € 2P and w® I !c. Let
0 <j < |w]. Then w*JT is a clock tick of ¢ and (w*7T)I*1 = T I b. This
proves (A) when I is empty. Suppose now that I is non-empty. Let m = min .
Then m < |w| and for all 0 < i < m, w* € 2P and w® [ !c. The following are the
possible cases for w™:
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e w™ = 1. Then w’™ is a clock tick of ¢, so by (B) w™ Ik b, a contradiction.
e w™ = T. Then w’ ™ is a clock tick of ¢ and w™ IE b.

o w™ € 2F and w™ I c. Then w®™ is a clock tick of ¢ and W’ ™ = w%™. By
(B), w™ Ik b.

Therefore, w’™ is a clock tick of ¢ and w™ Ik b. Let 0 < j < |w|. If j > m, then
(w0 I Te)0-m = g0-m I j < m, then (w®JT«)0I+1 = 0T which is a clock
tick of ¢, and (w7 T«)J*1 = T | b. This proves (A) when I is non-empty and
completes the proof of 2.

O

Lemma 10.3. Let b, c be boolean expressions, and let w be a non-empty word over
X such that w° = c. Then w =° b iff w = b!.

Proof. Assume that w =¢ b. Since w° Ik ¢, w0 is a clock tick of ¢, hence w° I b.
Then w® # 1 and w® # L, hence w® € 2F. Therefore, w®° is a clock tick of ¢, and
sow = b!.

Assume now that w =¢ b!. Then there exists 0 < j < |w| such that w7 is a clock
tick of ¢c and w’ £ b. Since w° [ ¢, Lemma 3.5 gives w® ¢ !c. Therefore, j = 0
and so w’ [ cand w® k b. Let 0 <14 < |w| be such that @w" % is a clock tick of c.

Suppose that 0 < i. Then @w® E !¢, so, by Lemma 3.5, w°
Therefore i = 0. Since w° £ b, this proves that w [=¢ b.

I£ ¢, a contradiction.

O

Lemma 10.4. Let b, ¢ be boolean expressions, and let w be a non-empty word over
.

1. Ifw® =T, then w = b and w = b!.
2. If w® = L, then w [~° b and w [=° b.
3. If w® € 2P and w°® kE ¢, then w =° b iff w =° b! iff w® Ik b.

Proof. Assume w® = T. Then w® is a clock tick of ¢ and w® I b, so w [=¢ b!.
Also, w° = 1, so there does not exist 0 < i < |w| such that @’ is a clock tick of
c. Therefore, w = b holds vacuously. This proves 1.

Assume now that w® = 1. Then there does not exist 0 < i < |w| such that w%?
is a clock tick of ¢, so w ¢ b!. Also, W’ = T, so w” is a clock tick of c. Since

w® B b, w ¢ b. This proves 2.

Assume now that w® € 2P and w° I ¢. Then w® = w°, so by Lemma 10.3, w =€ b
iff w =€ b1

w =° b!

iff there exists 0 < i < |w| such that w®" is a clock tick of ¢ and w® I b

0-0 is a clock tick of ¢ and w® is not a

iff [since w° € 2P and w® I ¢, w
clock tick of ¢ if i > 0]

wl E b
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This proves 3.
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11 Semantics of formulas over proper words

This brief section shows that inductive definitions of the unclocked and clocked
PSL formula satisfaction relations can be given for the set of proper words over X
without relying on the definitions of formula satisfaction for non-proper words over
2. Only minor changes to the definitions of unclocked and clocked satisfaction of
a weak SERE formula are needed.

First note that if w is a proper word, then so are @ and w* for any k. Also, if v
is a word over 2P, then vw is a proper word. Therefore, from Appendix B of [1], the
only inductive references to formula satisfaction that require further scrutiny are
in the definitions for the weak SERE form “{r}” and the abort form “f abort b”.
For each of these forms, the definition of satisfaction by a proper word w involves
an inductive reference to satisfaction by words of the form uT%, where w is a finite
prefix of w.

In the abort form, = w7 ~! and the inductive reference to w®7~1 T is guarded
by w? [ b. Therefore w’ cannot be L, hence none of the letters of w71 can be
1, and so w7~ T is proper.

In the weak SERE form, u = w%J and the inductive reference is to w7 T |= {r}!
in the unclocked case. In other words, the inductive reference requires that some
non-empty prefix of w%JT% tightly satisfy r. By Lemma 7.2, no word that tightly
satisfies an unclocked SERE can have L as a letter. If some letter of w7 is L, then
any non-empty prefix of w® /T« that tightly satisfies » must be a prefix of w?7,
hence also of w® 7 L¥. Therefore, the definition of unclocked satisfaction of a weak
SERE formula can be changed to

w = {r}

iff for all 0 < j < |w]|, either
1. some letter of w%+/ is I and w%7 1% = {r}!
or
2. no letter of w%+ is L and w®IT¥ |= {r}!

Since w is proper, if some letter of w7 is L, then w®J L is proper, and if no
letter of w®7 is L, then w7 T% is proper.
Similar reasoning applies in the clocked case. The definition of clocked satisfaction
of a weak SERE formula can be changed to
w ¢ {r}
iff for all 0 < j < |w]|, either
1. some letter of w%7 is 1 and w7 1« ¢ {r}!
or
2. no letter of w%+J is | and w®IT¥ |=¢ {r}!

0.
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12 Miscellaneous lemmas on formulas

This section presents some miscellaneous lemmas on formulas, primarily from the
work on mapping from SVA 3.1 to PSL 1.1.

Lemma 12.1. Let f be a PSL formula, let ¢ be a boolean expression, and let w be
a proper word over X. Then the following are equivalent:
1.w E™F (always f) @c.

2. For all 0 < k < |w| such that @* | ¢, wh E° f.

Proof.

w =" (always f) @c
iff w =° always f
iff [Lemma 4.7]
for all 0 < k < |w| such that w* [ ¢, wh =€ f

O

Lemma 12.2. Let f be a PSL formula, let b and c be boolean expressions, and let
w be a word over Y. Then the following are equivalent:

1.w [=° (b! @TRUE) -> f.
2. If [w| > 0 and @° [ b, then w E° f.

If jw| > 0 and @W° Ik ¢, then 1 and 2 are equivalent to

3.w E° bl > f.
4w ECb->f.
Proof.

w =°¢ (b! @TRUE) -> f

iff w E© 1 ((b! @TRUE) && ! f)

iff w ¢ (b! @TRUE) && ! f

iff w P~ b! @TRUE or w }£° ! f

iff w pE™E LY or w S

iff if @ =" bt then w =° f

iff
(A): ‘
if (there exists 0 < j < |w| such that w° is a clock tick of TRUE and
w! I b), then w =¢ f

[(A) implies 2]: Assume (A). Assume |w| > 0 and @° k b. Then @w% is a clock
tick of TRUE, so the precondition of (A) is satisfied with j = 0. Therefore w ¢ f.
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[2 implies (A)]. Assume 2. Assume that there exists 0 < j < |w| such that "/
is a clock tick of TRUE and @’ I b. Then |w| > 0. If j = 0, then @® [ b. If

j > 0, then by Lemma 6.1, @ = T, hence @® I b. Therefore the precondition
of 2 is satisfied, and so w =° f.

This proves that 1 and 2 are equivalent. Suppose now that |w| > 0 and @w° Ik c.
w bl => f
iff w1 b!) && ! f)
iff w e (b!) && 1 f
iff w pEC bt or w pEC L f
iff @ b orw =° f
iff if w =°b!, then w =° f

iff
(B): ' 4
if (there exists 0 < j < |w| such that @’/ is a clock tick of ¢ and w’ I b),
then w ¢ f

[(B) implies 2]: Assume (B). Assume |w| > 0 and @® [ b. Since @° [ ¢, w0
is a clock tick of ¢, so by (B), w E°¢ f.

[2 implies (B)]. Assume 2. Suppose that 0 < j < |w| is such that @w%7 is a clock
tick of ¢ and @’ Ik b. Then |w| > 0. If j = 0, then @® [ b. If j > 0, then

@ [ te. Since w° E ¢, w° = T, and so @ [E b. Therefore the precondition of
2 is satisfied, and so w E=° f.

This proves that 2 and 3 are equivalent if |w| > 0 and @w° [ c.
wECh->f
M w =C 1 (b &g ! f)
iff W e b ek L f
iff @wECborw £ f
iff wpECborw g f
iff [Lemma 10.4, using |w| > 0 and @° kE |
w b or w € f
iff [proof of equivalence of 2 and 3]

(B)

Since (B) was shown equivalent to 2 when |w| > 0 and @w® I ¢, this proves that 2
and 4 are equivalent when |w| > 0 and @® I c.

O

Lemma 12.3. Let f be a PSL formula, let b and c be boolean expressions, and let
w be a proper word over X. Then the following are equivalent:

1. For all 0 < j < |w| such that w’ | ¢ and W’ | b, wi ¢ f.

2.w E™YE (always (b! => f)) @c.
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3.w ="V (always (b -> f)) @c.

Proof.
w E™YE (always (b! => f)) @c
iff [Lemma 12.1]
for all 0 < j < |w| such that W/ [ ¢, wi =€ bl => f
iff [Lemma 12.2]
for all 0 < j < |w| such that w’ I ¢, if W’/ Ik b, then wi ¢ f
iff for all 0 < j < |w| such that @/ k cand w’ k b, wi =€ f

This proves the equivalence of 1 and 2. A similar argument proves the equivalence

of 1 and 3.
O
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A  Appendix

For reference, the definitions from Appendix B of [1] of tight satisfaction of SEREs
and of satisfaction of PSL formulas are copied here. The notations are adapted to
the conventions of this report.

Let w be a finite word over X, and let ¢ be a boolean expression. w is a clock
tick of ¢ iff |w| > 0, w!*!=! | ¢, and for all 0 < j < |w| — 1, w? Ik e

A.1 Semantics of unclocked SERESs

Let w,v1,v2 be finite words over X, let £ be a letter in X, let b be a boolean
expression, and let r, 71,79 be unclocked SERES.

wE{YiffwE"r

wEbiIff |lw =1 and w® E b

o w [E 11 ; 7o iff there exist v, ve such that w = vive, v1 E 71, and vy E 12

w = {r} : {ra} iff there exist vy, vq,¢ such that w = v1lvg, 11 E 71, and
Loy = 1o

wEAMY I {r}ifwEr orw E re

wE {r} && {r} if w Er; and w E 1o

w E [%0] iff [w] =0

w E r[*] iff either w E [*0] or there exist vy, vy such that |v1] > 0, w = vive,
vy E r, and vy = r[*]

A.2 Semantics of unclocked formulas

Let w be a word over X, let b be a boolean expression, let » be an unclocked SERE,
and let f, g be unclocked PSL formulas.

wkE (HifwEf
wEfiffwlp f
wE f&giffwkE fandw E g

w = b iff jw] >0 and w® E b

wEbiff lw=0o0rw’ I b

w = {r}! iff there exists 0 < j < |w| such that w®J £ r

w = {r}iff for all 0 < j < |w|, w7 TY | {r}!

w = X! fiff lw| > 1 and wl = f

w = [f U g] iff there exists 0 < k < |w| such that w*" |= g and for all 0 < j < k,
wh = g
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e w = f abort b iff either w |= f or there exists 0 < j < |w| such that w/ k b and
wO..jflTw ': f

o w k= {r} |-> fiff for all 0 < j < |w| such that w7 = r, w' = f

A.3 Semantics of clocked SEREs

Let w,v1,v be finite words over X, let £ be a letter in X, let b, c,d be boolean
expressions, and let r,ry,ro be SERESs.

o w = {r}iffwE°r
o w = biff wis a clock tick of ¢ and w®!=1 | b

o w E=° ry ; ro iff there exist vy, ve such that w = viva, v1 E® r1, and vy E® o

w E {r} : {r2} iff there exist vq,vq, £ such that w = vilve, v1¢ E° r1, and
lvg ES 1o

w E {3} 1 {r}iff w E 7 or w E® ro

w E {r1} && {ro} if w E° r; and w E° o

w E° [*0] iff jw| =0

w E° r[*] iff either w E° [*0] or there exist v, ve such that |vi| > 0, w = vivs,
c _c
vy E" 1, and ve |E° r[*]

o wEradiff wEr

A.4 Semantics of clocked formulas

Let w be a word over X, let b, ¢, d be boolean expressions, let © be a SERE, and let
f, g be PSL formulas.

w e () iff w = f
wECfiff w e f
wkE fegiffwEe fandw =g

w ¢ b iff there exists 0 < j < |w| such that w®7 is a clock tick of c and w’ £ b

w = b iff for all 0 < j < |w| such that @w%7 is a clock tick of ¢, w? £ b

w ¢ {r}! iff there exists 0 < j < |w| such that w7 E°r

w = {r} iff for all 0 < j < |w|, w7 T ¢ {r}!

w |=¢ X! f iff there exist 0 < j < k < |w| such that w%+ and wit1-* are clock
ticks of ¢ and wk+ ¢ f

w ¢ [f U g1 iff there exists 0 < k < |w| such that w* E ¢, w* [=¢ g, and for
all 0 < j < k such that W/ I ¢, wi ¢ f
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e w ¢ f abort b iff either w |=¢ f or there exists 0 < j < |w| such that w’ Ik b
and wO..jflTw ':c f

o w ¢ {r} |-> fiff for all 0 < j < |w| such that W% E° r, wi ¢ f

ewke fodiffw =" f
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